We give a detailed proof of the well-known classical fact that every symplectic circle action on a compact manifold admits a circle valued momentum map relative to some symplectic form. This momentum map is Morse-Bott-Novikov and each connected component of the fixed point set has even index. These proofs do not appear to be written elsewhere.
Concretely, (a) means the following. Consider a symplectic S 1 -action on a compact connected symplectic manifold M , with generating vector field 1 M . We are identifying the circle S 1 with the quotient R/Z having coordinate t and length form λ = dt. Then i 1 M σ is a closed one-form and so it represents a cohomology class in H 1 (M ; R). If this class is in the image of H 1 (M ; Z) → H 1 (M ; R), then the action has a "circle valued momentum map" µ : M → S 1 with the property that i 1 M σ = µ * (dt). If not, then there is a (nearby) S 1 -invariant symplectic form ω such that k[i 1 M ω] ∈ H 1 (M ; Z) for some k ∈ R. There is always a corresponding momentum 1 map µ : M → S 1 for any such form kω. This important observation was first made in an influential paper by Dusa McDuff [12, Lemma 1] , which prompted much later research.
(b) The map µ : M → S 1 is Morse-Bott-Novikov and each connected component of the fixed point set has even index.
Statement (b) extends Frankel's result to circle valued momentum maps. Strictly speaking, in order to state this latter fact precisely we need to first introduce the notions of "Morse-Bott-Novikov", "nondegeneracy", and "index" of a critical point for smooth circle valued maps. The definitions of these notions parallel those for real valued maps. Formally, one replaces the smooth S 1 -valued function by its logarithmic exterior differential which is in agreement with the fact that "non-degeneracy" of a critical point is a local notion. Once we have introduced these concepts, we can state the main result of this note, Theorem 3 in Section 2, stating McDuff's important observation and the extension of Frankel's theorem.
To our knowledge, no detailed proofs of these classical facts are available in the literature. We have received many questions over the years about them. This has prompted us to write the present note, with the goal to provide elementary and complete proofs. We follow, to a certain extent, McDuff's outline in the proof of the existence of the circle valued momentum map and extend Frankel's argument from real to circle valued maps. The proofs in this note are self-contained.
Circle valued maps and the main theorem
In this section we explain in which sense a circle valued momentum map is "Morse-Bott-Novikov", what non-degeneracy means for a critical point of such a map, and what is the natural notion of index of a critical point. To be as self-contained as possible, we start by recalling some basic notions.
Morse theory for circle-valued momentum maps
Throughout this subsection M is any smooth manifold (not necessarily connected, or compact, or symplectic, etc.)
Conventions concerning S 1 . Our conventions and notations concerning the circle S 1 are the following. We identify throughout this paper the circle S 1 with R/Z and denote by π : R t → [t] ∈ R/Z the canonical projection, a surjective submersive Lie group homomorphism. Thus T 0 π : R → T [0] (R/Z) is an isomorphism and so we identify R with the Lie algebra of R/Z, i.e., r ∈ R is identified with T 0 π(r). If 1 If t is the coordinate on R and µ : M → R is the standard momentum map then dµ = µ * (dt); formally, this information is found in formula (2) in Section 2.
L t and L [t] denote left (equivalently, right) translation on R and R/Z, respectively, then π • L t = L [t] • π and hence
The length form λ ∈ Ω 1 (R/Z) is defined by λ([t]) (T t π(r)) := r. So, in the local coordinate t ∈ I (I ⊂ R is an open interval of length strictly less than one), λ = dt since T t π(r) = r ∂ ∂t . Therefore, R/Z λ = 1 0 dt = 1 and λ is left (equivalently, right) invariant.
Logarithmic exterior differential. For any smooth map f : M → R/Z, the classical logarithmic exterior differential δf ∈ Ω 1 (M ) of f is defined by
where m ∈ M , v m ∈ T m M . It is easy to see that if g : M → R/Z is another smooth map, then δ(f g) = δf + δg. As usual, for X ∈ X(M ), we define δf,
The following formula for any f : M → R/Z is easy to check and will be used later on:
The logarithmic exterior differential is related to the usual exterior differential of the canonical lift in the following manner.
} be the pull back bundle by f of the principal Z-bundle π : R → R/Z. Thus, π : M (m, t) → m ∈ M is also a principal Z-bundle and hence a covering space. Define the canonical lift of f byf : M (m, t) → t ∈ R; thus we have
for all m ∈ M , v m ∈ T m M , t, r ∈ R. In particular, m ∈ M is a critical point of f (i.e., T m f = 0 or, equivalently, δf (m) = 0) if and only if all (m, t) ∈ π −1 (m) ⊂ M are critical points of the real valued functionf . Denote by Crit(f ) := {m ∈ M | δf (m) = 0} the set of critical points of f .
Hessian of a circle-valued smooth map. The definition of the Hessian (Hess f )(m 0 ) : 
for all u, v ∈ T m 0 M , where u, v are arbitrary local smooth vector fields in a neighborhood of m 0 such that
where the right hand side is the usual Hessian of the real-valued functionf . To see this, note first that
Thus, if v ∈ T m 0 M and v is an arbitrary local smooth vector field defined in a neighborhood of m 0 and satisfying v(m 0 ) = v, then ( v,s) is a smooth local vector field defined in a neighborhood of
Formula (5) shows that (Hess f )(m 0 ) : Since Crit(f ) is closed, if M is compact, then it has only a finite number of connected components.
Formula (3) implies that Critf = π −1 (Crit f ). Thus, from (5) we conclude that f : M → R/Z is Morse-Bott-Novikov if and only iff : M → R is Morse-Bott.
The circle-valued momentum map
Let (M, σ) be a symplectic manifold, i.e., M is a smooth manifold and σ is a non-degenerate closed smooth 2-form on M .
Let Φ : R/Z × M → M be a smooth action by symplectomorphisms (i.e., each diffeomorphism Φ [t] : M → M preserves the symplectic form σ). Let r M ∈ X(M ) be the infinitesimal generator of the action determined by r ∈ R whose value at an arbitrary point x ∈ M is given by
The circle action on (M, σ) is said to be Hamiltonian if there exists a smooth map µ : M → R, called the momentum map, such that
The existence of such a map µ is equivalent to the exactness of the one-form i 1 M σ. It follows that the obstruction to the action being Hamiltonian lies in the first cohomology group of M ; thus, if H 1 (M ; R) is the trivial group then every symplectic R/Z-action on M is Hamiltonian.
where λ ∈ Ω 1 (R/Z) the standard length form. Remark 4. As we shall see in the proof, if σ is integral, then ω = σ.
Remark 5. An analogue of Theorem 3 also holds for actions of higher dimensional tori.
Remark 6. If µ : M → R is a standard momentum map for a circle action on a 2n-dimensional compact symplectic manifold (M, σ), it is well-known that it has at least n + 1 critical points or, equivalently, the circle action has at least n + 1 fixed points. Let us briefly recall the argument. Since µ is Morse-Bott 
is the torsion number of this module, and M is the pull back by µ : M → R/Z of the principal Z-bundle t ∈ R → [t] ∈ R/Z. Unfortunately, this lower bound can be zero, in stark contrast to the Hamiltonian case. For example, the circle action on the two-torus by rotation on the first factor is free and hence has no fixed points. See [4, §7.3] for further information. However, it is known that if this lower bound is strictly positive, then it must be at least two. In addition, if dim(M ) ≥ 8, then if the lower bound is strictly positive, it must be at least three. These results were proved in [20, Corollary 6] using localization in equivariant cohomology. To our knowledge, no universal lower bound for non-Hamiltonian symplectic circle actions with at least one fixed point is available. It was proved in [20, Theorem 1] that this lower bound is at least n + 1 provided that the so-called Chern class map is somewhere injective.
The rest of the paper is devoted to the proof of Theorem 3.
3 Proof of the first part of Theorem 3: existence of µ
The goal of this section is to prove the existence of the circle valued momentum map.
Notation and basic facts
In order to be as explicit and self-contained as possible we give a proof of the following basic observation.
Lemma 7. Let Φ : (R/Z) × M → M be a smooth action and let ϕ : R/Z → N be a smooth map.
Proof. Let β ∈ Ω 2 ((R/Z) × (R/Z)). Denote by 
where
is the standard embedding of the first circle into the 2-torus. Now notice that ψ * α ∈ Ω 2 ((R/Z) × (R/Z)) is invariant under the translations on the second factor. Indeed, since
Thus, formula (7) is applicable for
which, together with (7), implies formula (6).
Existence of µ
If the R/Z-action does not admit a standard momentum map, the action is necessarily not trivial, because the trivial action admits the constant map everywhere equal to zero as a momentum map. Thus, assuming that the action is not Hamiltonian, it follows that the one-form i 1 M σ is not exact. In this case we shall prove that there exists a R/Z-invariant symplectic form ω on M that admits a circle valued momentum map µ : M → R/Z. The following steps cover three cases. Before we proceed, we recall that for a compact manifold X, a rational cohomology class in H k (X; R) is a real cohomology class which lies in the image of H k (X; Q) → H k (X; R). Similarly, when Q is replaced by Z for integral cohomology class.
Step 1. Existence of the circle valued momentum map when [σ] ∈ H 2 (M ; Z). Identity (6) shows that [i 1 M σ] ∈ H 1 (M ; Z); we note that this statement may also be deduced as a property of the flux homomorphism, cf. [13, Lemma 10.7] . Pick a point m 0 ∈ M , let γ m be an arbitrary smooth path connecting m 0 to m in M , and define the map µ :
The map µ is well defined. Indeed, if γ m is another path connecting m 0 to m, let γ m * (− γ m ) be the closed loop formed by starting at m 0 , following γ m and then returning from m to m 0 on γ m . Since
, all its periods are integral and hence γm * (− γm)
The map µ is clearly smooth. Finally, since for any
i.e., the symplectic form σ admits the circle valued momentum map µ defined in (8) on M .
Step 2. Existence of the circle valued momentum map when [σ] ∈ H 2 (M ; Q). Identity (6) shows that
Since the R/Z-action clearly preserves kσ, by Step 1, the symplectic form kσ on M admits a circle valued momentum map on M .
Step 3. Existence of the circle valued momentum map when [σ] ∈ H 2 (M ; R) is irrational. We will use the de Rham theorem for G-invariant forms: let G be a connected compact Lie group acting smoothly on a compact manifold X. Let Ω * (X) G denote the set of G-invariant forms. Then the inclusion map i : Ω * (X) G → Ω * (X) induces an isomorphism H * (X; R) G ∼ = H * (X; R) in real cohomology. Therefore, in our case, for the group R/Z, we conclude that H 2 (M ; R) R/Z ∼ = H 2 (M ; R) by the compactness of M ; let m := dim R H 2 (M ; R) = dim Q H 2 (M ; Q) be the second Betti number. Choose a Q-basis of H 2 (M ; Q); then it is also a R-basis of H 2 (M ; R) ∼ = H 2 (M ; Q) ⊗ Q R and hence H 2 (M ; Q) ∼ = Q m as Q-vector spaces, H 2 (M ; R) ∼ = R m as R-vector spaces. Endowing H 2 (M ; R) with the topology induced by this linear isomorphism, this implies that
closed (M ) R/Z are linearly independent and hence V := span R {σ, ω 1 , . . . ω m−1 } is a m-dimensional vector subspace of Ω 2 closed (M ) R/Z isomorphic to H 2 (M ; R) R/Z , the isomorphism being given by its values on the basis:
Embed by this isomorphism the Q-vector space H 2 (M ; Q) in V ; its image U is a dense Q-vector subspace of V . Because non-degeneracy is an open condition, it follows that the set of R/Z-invariant symplectic forms in V is open and also non-empty since σ ∈ V . Because U is dense in V , it follows that we can find a form ω ∈ U , hence necessarily closed and R/Zinvariant, so close to σ ∈ V that it is symplectic. The problem has now been reduced to the situation studied in Step 2 with σ replaced by ω.
This concludes the proof of existence of the circle valued momentum map.
Proof of the second part of Theorem 3: µ is Morse-Bott-Novikov
The goal of this section is to prove that the circle-valued momentum map µ : M → R/Z is Morse-BottNovikov. As discussed in Section 2, this is equivalent to showing that the standard lift µ : M → R is Morse-Bott, where
Let ω be the R/Z-invariant symplectic form on M constructed in Section 3. Since π : M (m, t) → m ∈ M is a covering space it follows that π * ω ∈ Ω 2 M is a symplectic form on M . In addition,
. This is well-defined since the momentum map is (R/Z)-invariant. To see this, note that it suffices to prove that T m µ(1 M (m)) = 0, which follows from the following computation:
• π and R/Z-invariance of ω implies that the R/Z-action Ψ on M is symplectic. Let us show that µ : M (m, t) → t ∈ R is a momentum map of this action. Indeed, since
Finally, note that µ • Ψ [s] = µ. Thus, the problem is reduced to showing that the standard invariant momentum map of a circle action is Morse-Bott, which is a well-known classical result.
In the interest of completeness, we recall the proof. So, let (M, ω) be a compact symplectic manifold, Φ : (R/Z) × M → M an action preserving the symplectic form and admitting an invariant momentum map J : M → R. We shall show that J is a Morse-Bott map.
First, we note that the submanifold M R/Z , consisting of fixed points of the action, coincides with Crit(J). Indeed, since R/Z is connected, so it is generated by a neighborhood of the identity element, it follows that m ∈ M R/Z if and only if 1 M (m) = 0. By non-degeneracy of ω and the defining identity ω(m) ( 
At this point we recall that the symplectic representation Lemma 8. The 2k-dimensional R/Z-symplectic representation space W splits as a ω(m 0 )-orthogonal sum of irreducible representations: W = ⊕ k j=1 W j , where dim W j = 2. For any irreducible symplectic representation of R/Z on a two-dimensional symplectic vector space (U, dq ∧ dp), the associated momentum map has the expression U (q, p) → a 2 (q 2 + p 2 ) ∈ R, where a ∈ R is the weight of the representation.
Therefore, for any w 1 + · · · + w k ∈ ⊕ k j=1 W j , formula (9) implies that 
where a j ∈ R are the weights of the irreducible R/Z-representations and (q j , p j ) are the symplectic coordinates of w j ∈ W j , j = 1, . . . , k. From Lemma 8 and (10) it follows that J is Morse-Bott and that the index of the connected component F ⊂ Crit J equals twice the number of the negative weights a j ∈ R. Thus the index of F is even.
